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APPLIED PHYSICS

From the generalized reflection law to the realization of

perfect anomalous reflectors

Ana Diaz-Rubio,* Viktar S. Asadchy, Amr Elsakka, Sergei A. Tretyakov

The use of the generalized Snell’'s law opens wide possibilities for the manipulation of transmitted and reflected
wavefronts. However, known structures designed to shape reflection wavefronts suffer from significant parasitic
reflections in undesired directions. We explore the limitations of the existing solutions for the design of passive
planar reflectors and demonstrate that strongly nonlocal response is required for perfect performance. A new
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paradigm for the design of perfect reflectors based on energy surface channeling is introduced. We realize and
experimentally verify a perfect design of an anomalously reflective surface using an array of rectangular metal
patches backed by a metallic plate. This conceptually new mechanism for wavefront manipulation allows the design
of thin perfect reflectors, offering a versatile design method applicable to other scenarios, such as focusing reflec-
tors, surface wave manipulations, or metasurface holograms, extendable to other frequencies.

INTRODUCTION

The classical approach to design of wave-shaping reflectors for light or
microwave radiation is based on geometrical optics. A flat mirror obvi-
ously obeys the usual reflection law: In the absence of dissipation, all
reflected rays go in the specular direction (the incidence and reflection
angles are equal, 6; = 6,) without changing the field amplitude. The
distribution of reflected field intensity can be engineered by shaping
the reflecting surface. Because of the differences in ray propagation path
lengths, the phase distribution at the reflector aperture can be tuned so
that, for example, all rays converge at a point, forming a focal spot. Gen-
eralizing the phased-array antenna principle, the same function can be
realized in a planar reflector if the reflection phase is made nonuniform
over the reflector surface. In antenna applications, these nonuniform
reflectors are called reflectarrays and are usually realized as arrays of res-
onant antennas (I). Most commonly, patch antennas are used and the
reflection phase from every element is tuned either by reactive loads or
by varying patch size or shape. Reflectarrays with subwavelength distances
between the array elements are called high-impedance surfaces (2, 3) or
metasurfaces (4).

We consider the anomalous reflection scenario illustrated in Fig. 1A.
According to the phased-array principle, to reflect an incident plane
wave into another plane wave, breaking the usual reflection law (the
reflection angle 6, # 6;), the reflection phase should depend linearly
on the corresponding coordinate along the reflector plane. In this situ-
ation, one can expect that reflections from all the points interfere con-
structively in a plane wave propagating in the desired direction.
Recently, this simple design principle was formulated in the form of
the “generalized Snell’s law” (5). To understand this law, let us assume
that a plane wave is incident at a planar reflecting surface at the inci-
dence angle 6; and introduce a Cartesian coordinate system with the x
axis along the projection of the wave vector to the reflector plane. If the
reflected plane wave is propagating at the reflection angle 6, and its am-
plitude is the same as in the incident wave, then the ratio of the tangen-
tial electric fields in the reflected wave and in the incident wave at the
reflector surface is given by exp (j®,) = exp [j(sin 6; — sin 6,)k;x]. Here,
ki, = o,/pi€ is the wave number in the background isotropic medium,
and we assume the time-harmonic dependency e/, The local reflection
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coefficient R = (Zy(x) — n1)/(Zs(x) + 1) = exp (j®,), where 1, is the
wave impedance of the incident plane wave (ratio between the tangen-
tial components of the electric and magnetic fields), defines a periodi-
cally modulated boundary surface. The surface impedance Z(x),
defined as the ratio between the tangential components of the total
electric and magnetic fields (incident and scattered) at the surface, is
purely imaginary and can be expressed as

.M
Zs(x) =] cosle

cot [@r(x)/2] (1)

Equation 1 is a well-known solution that has been used in numerous
studies (6-13). Nevertheless, the sum of the incident and one reflected
plane wave is not a valid solution for the Maxwell equations with the
surface impedance given by Eq. 1. This means that when we illuminate a
metasurface characterized by surface impedance (Eq. 1) given by the
generalized reflection law with a plane wave at 6;, in addition to the
desired anomalously reflected plane wave at 6, more plane waves will
be excited in the system to satisfy the power conservation and the
boundary conditions, leading to parasitic reflections or energy absorp-
tion in the reflector (14, 15).

Figure 1B shows the numerical estimate of the efficiency (the ratio
between the power sent into the desired direction and the incident
power) for a metasurface based on the generalized Snell’s law modeled
by the impedance boundary as in Eq. 1. We can see that in all known
realizations, the power efficiency is lower than the numerical prediction
due to imperfections in fabrication and discretization problems. It is also
worth noting that the efficiency markedly decreases when the desired
reflection angle deviates more and more from the specular reflection
angle. At optical frequencies, traditional diffraction gratings are periodic
surfaces engineered for controlling the percentage of energy reflected
into each diffraction mode. In principle, for a certain incidence angle
0;, the surface profile can be tailored to send the energy into some
reflection angle 0,. These devices work efficiently for retroreflection
(6; = —0,) or with small differences between the incidence and reflection
directions (8; = —0,) (16, 17), but the efficiency decreases when the
difference between the incidence and reflection angles increases.

Let us look into this important feature in more detail. The period of
the metasurface D, is defined by requiring that the reflection phase is
2n-periodic: ®,(x) = @.(x + D,) + 2w, and considering the phase shift in
reflection dictated by the generalized Snell’s law, it can be expressed as
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Fig. 2. Comparison between the different reflective metasurface proposals when 6; = 0° and 6, = 70°. Conventional design: Real part of the scattered electric field
(A) and total power density distribution (D). Lossy design: Real part of the scattered electric field (B) and total power density distribution (E). Active design: Real part of

the scattered electric field (C) and total power density distribution (F).

dictated by Eq. 3 (however, the use of active elements is usually not de-
sirable for practical reasons and leads to potentially unstable structures);
(i) using auxiliary evanescent fields for avoiding the modulation of the
normal component of the Poynting vector at the metasurface, as it was
theoretically demonstrated by Epstein and Eleftheriades (18) for pene-
trable metasurfaces (metasurfaces allowing fields at both sides) (in these
theoretical designs, by engineering the evanescent fields excited at the
metasurface, one can ensure the local power conversation at each point
of the metasurface); and (iii) creating passive but nonlocal metasurfaces
and engineering the interactions between the constitutive elements (that
is, the effects of evanescent fields generated in the array) to allow proper
energy channeling along the metasurface. In this last scenario, the cell-
averaged normal component of the Poynting vector equals to zero,
whereas the local behavior appears either lossy or active.

Inspired by the physical principle of leaky-wave antennas, we intro-
duce a new approach based on the modulation of the reactive imped-
ance of the metasurface. We demonstrate that a perfect anomalous
reflector can be realized as a simple metal pattern on a thin grounded
dielectric slab. In this scenario, engineered modulations of the surface
reactance ensure the required nonlocal reflections, which are eventually
perfectly launched only in the desired direction. We present and clarify
the main conceptual differences between local and nonlocal approaches
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in the use of evanescent fields to realize perfect anomalous reflectors. On
the basis of the developed theory, we design, manufacture, and experi-
mentally study a metareflector prototype, which reflects a normally in-
cident plane wave into a plane wave at the tilt angle 6, = 70°. The
experimental results confirm that this first prototype of metasurfaces
for perfect control of reflections operates according to expectations:
The realized power efficiency is close to 100%, limited only by dissipa-
tion in the metal patches and the dielectric substrate. Parasitic reflec-
tions into the specular direction and other directions are seen to be
negligible. The proposed simple topology allows cheap mass production
manufacturing based on the conventional printed circuit board technol-
ogy (microwave frequencies) or various lithography techniques (terahertz

and beyond).

RESULTS

Theoretical local design of a lossless perfect

anomalous reflector

First, we consider a surface impedance model of the metasurface and
study the problem by using locally responding impedance boundaries.
We propose that the most reasonable approach to obtain the impedance
boundary, which realizes perfectly reflecting lossless reflectors, is to use
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inhomogeneous leaky-wave surfaces, generalizing the concept of
leaky-wave antennas. Leaky-wave antennas are formed by perturbed
waveguides or transmission lines, naturally offering the needed
channel for transporting power from receiving areas to transmitting
areas. Even more importantly, tuning the inhomogeneity profiles
along the antenna surface, it appears possible to realize regimes where
the receiving areas receive power predominantly from the illumina-
tion direction while the radiating areas send the waves predominantly
in the desired direction of anomalous reflection. Thus, tuning the
phase synchronism of free-space waves and leaky waves on the sur-
face, we can realize directive power transfer along the surface without
using any nonreciprocal elements.

We start the study by considering the surface impedance model
of a leaky-wave structure. Within this model, lossless reflectors are
described by a reactive surface impedance, Z,. To allow propaga-
tion of a surface wave of the considered TE polarization along the
surface, E, = Ege /P*~%%, we demand that the reactance is negative
(capacitive) at every point of the surface Zy = E,/H, = — jouo/o.
The tangential wave number of the surface wave can be found using
the relation B> = k? + a2 Thus, the tangential wave number can be
written as

To couple the surface wave to free space, the reactance should be
nonuniform over the reflector surface. In conventional leaky-wave
antennas, where the goal is to launch a wave in a specific direction,
the surface is periodically perturbed. This perturbation generates spatial
harmonics, whose tangential wave number can be expressed as

2r
= = 5
By = B+ (5)
where n = £ 1, £ 2, ... The corresponding vertical wave number, k.,
can be found using
ke = k12 - an (6)

Knowing the vertical and tangential wave numbers, the direction of
the propagating waves is calculated using

sinen:&: —n—%—l—nsiner (7)
ky zZ
Panels B and C of Fig. 3 represent the tangential and vertical wave

numbers, respectively, for different values of the surface impedance
ZsO = jXSO'

M
By =kiy/1— 7 (4)
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Fig. 3. Local design of a lossless perfect anomalous reflector. (A) Schematic representation of the proposed design methodology for the perfect reflecting metasurface
based on the leaky-wave antenna behavior with a modulation in the impedance profile. Tangential (B) and vertical (C) wave numbers introduced in the system due to a periodic
perturbation with period D, = A/|sin 6; — sin 8| as a function of the surface impedance Z; = jX;. (D) Surface impedance of the metasurface when 6, = 70° and 6; = 0°. Blue line
represents the initial estimation of the surface reactance (Eq. 11), and orange dots represent the optimized values of the surface reactance on the discretized surface. Dashed line
represents the impedance of conventional design described by Eq. 1. Numerical results of a perfect reflectarray based on the linearly modulated leaky-wave antenna structure:

Real part of the scattered electric field (E) and total power density flow distribution (F).
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The impedance surface should be chosen to couple the energy to free
space through leaky waves. For example, if we choose X, = —124 Q,
only the harmonics #n = -3 and n = —4 propagate in free space. In
particular, for X, = =124 €, the waves propagate in the directions
specified by 6_; = 22.3° and 6_, = —34°. Once we have determined the
surface impedance that allows surface wave propagation and cou-
pling with free-space waves, the reactance should be modulated.
Conventional periodical modulations (usually with a sinusoidal profile)
provide coupling to the waves along these two directions (in this exam-
ple). But as we saw above, to realize perfect anomalous reflection, in the
areas where the surface should receive power from the incident field, the
wave along the surface should be in phase synchronism with the inci-
dent plane wave. In contrast, in the areas where the energy should be
launched into the desired direction, the synchronization should hold for
the reflected plane wave.

To realize this operation, we propose to modulate the reflection
phase linearly using the generalized reflection law separately for these
two parts of the metasurface period. The required derivative of the local
phase can be estimated by considering the additional effective “momen-
tum” along the surface, in analogy with the generalized law of reflection.
The required linear phase dependence can be written as

AGr klx — q)()

. 0<x<x
<1)r(x) B {Ael kl(x—Dx) —CD()

x1 < x < Dy

(8)

where A, = sin 8, — sin 0, and A6; = sin 6; — sin 6,,. In our particular
example, the derivative has the opposite sign in the two parts of the sur-
face period (shifting the angle 6_; = 22. 3° to zero and 70°, respectively),
andx; = D, % is the point where the derivative of the reflection
phase changes from positive to negative. The initial phase shift reads

& — 2 (sin O, — sin B,,)(sin 6, —
) =

in 0; X
- —— sin 6) _ 2arctan =2 (9)
(sin O, — sin 6;) m

Notice that @, (x;) = 2 arctan );—:" corresponds to the phase of the
reflection coefficient for the homogeneous surface impedance Zy, =
jXs0- The relation between the phase gradient and the modulated surface
impedance can be found through the reflection coefficient

Xs(x)

Uit Uit

@, (x) = 2arctan

where the approximation holds for small values of X;/n;. Using Eq. 10,
we can estimate the modulations needed for the metasurface input im-
pedance using the following expression

n—l(klAer—(I)o) 0<x<x
X(x) =< 4 (11)
71(1<1Aei (x —Dy) —®y) x <x< Dy

The blue line in Fig. 3D represents the surface reactance profile
defined by Eq. 11 when X, = —124 Q, n = -3, 6; = 0°, and 6, = 70°.
Obviously, this analytical estimation of the perfect reactance profile is
rather approximate, because we make use of the homogeneous reac-
tance model in case when the assumption that the metasurface is
uniform on the wavelength scale is not properly justified. For this rea-
son, we then perform numerical optimization of the surface reactance,
setting these estimations of the required reactance profile as the initial
guess and using 15 elements for the discretization as a piecewise homo-
geneous reactive impedance boundary. As a result, we find the profile
shown in Fig. 3D with the red dots (one dot corresponds to one homo-
geneous reactive surface element). As expected from the above theory, it
is everywhere capacitive, growing in one half of the period and decaying
inside the other half. The differences with the analytically predicted
values are due to the approximations in the models and are caused
mainly because of the periodic conditions imposed over the unit cell
and the piecewise constant numerical model of the surface that force
generation of more complex evanescent field structure than assumed
in the analytical analysis.

Numerical simulations of the corresponding field and the Poynting
vector distributions are shown in Fig. 3 (E and F). We see that a surface
wave propagating along the surface is formed. If we now define a
reference plane above the volume filled by the surface mode fields
(which is our “input port” to the metasurface structure) and look at
the input impedance there, we see that it satisfies the requirements of
perfect operation: It is a complex value given by Eq. 3, and the real part is
properly varying, emulating “loss” where the power is received by the
leaky-wave structure and “gain” in the areas where it is launched back.

Table 1 summarizes the field amplitudes and the power sent
into the three directions (6;, 6,, —6,) when the metasurface is illu-
minated by a normally incident plane wave for the different design
options. It is clear that the inhomogeneous leaky-wave antenna de-
sign promises perfect performance.

To complete the study of this metasurface, we consider the frequen-
cy bandwidth (Fig. 4A) and give a comparison with the conventional

Table 1. Numerical results and comparison between the different design possibilities for reflectarrays. Amplitude/power of waves sent into the re-

spective directions, absorption coefficient, and power efficiency.

0; 0, -0, Absorption Efficiency
Generalized reflection law (Eq. 1) 0.24/0.06 1.50/0.76 0.73/0.18 0.00 75.7%
Lossy des[g n dlctated . by Eq 2 AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA O OO/O 00 EUPO 1 00/034 AAAAAAAAAAAAAAA 000 /0 00 AAAAAAAAAAAAAAAAAAAAA O 66 AAAAAAAAAAAAAAAAAAAAAAAA 340% e
Actlve_|ossyde5|gndlctatedbyEq3 ........................................................ 0 03/000177/104 ............... 0” /000 ..................... 0 00 ....................... 1044%
|n h o mogeneous| eaky_ W aveamennas mtmducedmth Ispaper ............... 0 04/0 00170/099 ............... 003 /0 00 ..................... 0 0 O ........................ 997%
|m p|e m .é n tatlo n WIth metal . patChes .(.I.(.) Ssy . matena | S) ............................... 0 04/0 00 R 1 66/094 ............... 003 /0 00 ..................... 0 06 ........................ 940% e
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launched into the desired direction. The power distribution in the plane
that contains the patches is shown in Fig. 5F. We can see how the power
is guided along the edges of the patches. An analysis of the evanescent
fields that allow the energy channeling is available in the Supplementary
Materials. Figure 5B shows the simulated frequency response. The be-
havior is similar to that of the local design (Fig. 4B), although the anom-
alous reflection frequency band is wider.

To experimentally verify the theory, we have designed and fabricated
a reflectarray at 8 GHz (see Methods). We carried out three different
experiments for the experimental validation. In the first experiment,
the platform with the metasurface was rotating at an angle ¢, whereas
the positions of the antennas were fixed. Angle ¢ was counted from the
line connecting the metasurface center and the transmitting antenna
toward the normal to the metasurface plane (positive ¢ corresponded
to the clockwise rotation of the platform when seen from the top). The
signal reflected from the metasurface and measured by the receiving
antenna |S,; | for different angles ¢ is shown in Fig. 6C. The experi-
mental data were measured at the resonance of the metasurface
occurring at 8.08 GHz.

The main peak of reflection toward the receiving antenna occurs
when the metasurface is illuminated normally. This is an expected re-
sult, meaning that, in this case, most of the power impinging on the
surface is reflected at 70° from the normal. The second peak occurring
when ¢ = 35° corresponds to the specular reflection (incidence and
reflection angles are equal) from the metamirror. These small nonzero
specular reflections are acceptable because the metamirror was designed
to have zero specular reflections only when illuminated normally.

To estimate the amplitude efficiency of the metasurface &, €p = if),
in the second experiment, we replaced the metasurface by an aluminum
plate of the same size. The corresponding signal reflected from the plate

and measured by the receiving antenna |S,; | versus angle ¢ is shown in
Fig. 6D. Now, the single peak of reflection occurs when the plate is illu-
minated at 35°, which corresponds to the specular reflection. To find the
reflection efficiency of the metasurface, we normalize its signal ampli-
tude |S,;,m| for ¢ = 0° by the signal amplitude from the reference
uniform metal mirror S| for ¢ = 35°. We additionally divide the
obtained value by the correction factor &y = [S51,0m|/|S21,0p> which gives
the ratio between the theoretically calculated signal amplitudes from an
ideal metasurface (of the same size and made of lossless materials) and a
perfect conductor plate. The correction factor & is less than unity be-
cause, in this scenario, the radiating effective area of the perfect conductor
plate is greater than that of the ideal reflecting metasurface due to a different
orientation with respect to the antennas. At a frequency of 8.08 GHz in
our particular configuration, the correction factor is equal to &, = —2.41 dB
(see the Supplementary Materials). Thus, the reflection efficiency of the
metasurface is calculated as

_ 1 [Soum(9 =0)]

— 2 Pam®= Tl 8 dB
&y |S21,p(0 = 35°)]

& (12)

In the linear scale and expressed in terms of power, the reflection
efficiency reaches 93.8%. This result is in excellent agreement with
the 94% efficiency obtained using numerical solver (Table 1). The re-
maining 6.2% of power incident on the metasurface is mainly absorbed
by it.

In the third measurement, we fixed the orientation of the meta-
surface at ¢ = 0° and used the transmitting antenna (fixed at the same
position as in previous measurements) as both the transmitter and re-
ceiver. Using conventional time-gating post-processing procedure, we
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Fig. 6. Experimental verification. (A) Fabricated metasurface. (B) Experimental setup in an anechoic chamber. Signals measured by the receiving antenna for different
orientation angles @ of (C) the metasurface and (D) the metal plate of equal size. (E) Amplitude efficiency of the metasurface illuminated normally.
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the metasurface. Both antennas and the metasurface form in space a
triangle with an angle of 70° at the metasurface center. The measured
results are presented in section S2B.

SUPPLEMENTARY MATERIALS

Supplementary material for this article is available at http://advances.sciencemag.org/cgi/
content/full/3/8/e1602714/DC1

section S1. Power modulation produced by reflective metasurfaces

section S2. Nonlocal perfect anomalous reflectors for different reflection angles

section S3. Analysis of the unit cell using two-dimensional evanescent fields

section S4. Scattered fields from a reference metal plate illuminated obliquely

section S5. Scattered fields from the normally illuminated metasurface

section S6. Correction factor for the signal amplitudes measured in the experiment

fig. S1. Total power density distribution for the conventional, lossy, and active designs (from
left to right).

fig. S2. Initial approximation for nonlocal designs.

fig. S3. Real part of the scattered electric field when the designed metasurfaces are illuminated
normally at f = 8 GHz.

fig. S4. lllustration of the desired performance of an ideally reflecting metasurface.

fig. S5. Real part of the total electric field.

fig. S6. Geometry of the problem with a metal plate.

fig. S7. Geometry of the problem with a metasurface.

table S1. Length of the strips, /, for different designs.

movie S1. Bandwidth analysis of conventional designs.

movie S2. Bandwidth analysis of nonlocal designs.
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