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A variational approach to probing extreme events in
turbulent dynamical systems
Mohammad Farazmand* and Themistoklis P. Sapsis*

INTRODUCTION

A plethora of dynamical systems exhibit intermittent behavior manifested through sporadic bursts in the time series of their observables.
These extreme events produce values of the observable that are several
SDs away from its mean, resulting in heavy tails of the corresponding
probability distribution. Important examples include climate phenomena
(1, 2), rogue waves in oceanic and optical systems (3–5), and large deviations in turbulent flows (6–8). Because these extreme phenomena typically have marked consequences, their quantification and prediction are
of great interest.
Significant progress has been made in the computation of extreme
statistics, both through direct numerical simulations and through indirect methods such as the theory of large deviations [see the work of
Touchette (9) for a review]. Although these methods estimate the probability distribution of the extreme events, they do not inform us about
the underlying mechanisms that lead to the extremes, nor are they capable of predicting individual extreme events.
For systems operating near an equilibrium or systems that are nearly
integrable, perturbative methods have been successful in identifying the
resonant interactions that cause the extreme events (10, 11). For systems
that are not perturbations from these trivial limits, a general framework
for probing the transition mechanism to extreme states is missing.
These systems, such as turbulent fluid flows and water waves, are also
typically high-dimensional and nonlinear where the nonlinearities create
a complex network of interdependent interactions among many degrees
of freedom (12–17).
Here, we propose a variational framework to probe the underlying
conditions that lead to extreme events in these high-dimensional
complex systems. More specifically, we derive precursors of extreme
events as the solutions of a finite-time constrained optimization problem. The functional to be maximized is the observable whose time series
exhibit the extreme events. The constraints are designed to ensure that
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the triggers belong to the system attractor and therefore reflect physically relevant phenomena. If the lifetime of the extreme events are short
compared to the typical dynamical time scales of the system, then the
finite-time optimization problem can be replaced with its instantaneous counterpart. For the instantaneous problem, we derive the EulerLagrange equations that can be solved numerically using Newton-type
iterations.
We apply the variational framework to the Kolmogorov flow, a twodimensional Navier-Stokes equation driven by a monochromatic body
forcing. At sufficiently high Reynolds numbers, this flow is known to
exhibit intermittent bursts of energy dissipation rate (18, 19). We first
show that these extreme bursts are due to the internal transfers of energy
through nonlinearities, as opposed to phase locking with the external
forcing. Because of the high number of involved degrees of freedom
and their complex interactions, deciphering the modes responsible
for the extreme energy dissipation rate is not straightforward. However,
the optimal solution to our variational method isolates the triad interaction responsible for this transfer of energy. Monitoring this triad
along trajectories of the Kolmogorov flow, we find that, on the onset
of the extreme bursts, the energy is transferred spontaneously from a
large-scale Fourier mode to the mean flow, leading to growth of the
energy input rate and consequently the energy dissipation rate.
We then use the derived large-scale mode as a predictor for the extreme events. Specifically, by tracking the energy of this mode, we develop
a data-driven short-term predictor of intermittency in the Kolmogorov
flow. We assess the effectiveness of the prediction scheme on extensive
direct numerical simulations by explicitly quantifying its success rate,
as well as the false-positive and false-negative rates.

RESULTS

Variational formulation of extreme events
Consider the general evolution equations
∂t u ¼ N ðuÞ

ð1AÞ
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Extreme events are ubiquitous in a wide range of dynamical systems, including turbulent fluid flows, nonlinear
waves, large-scale networks, and biological systems. We propose a variational framework for probing
conditions that trigger intermittent extreme events in high-dimensional nonlinear dynamical systems. We seek
the triggers as the probabilistically feasible solutions of an appropriately constrained optimization problem,
where the function to be maximized is a system observable exhibiting intermittent extreme bursts. The constraints are imposed to ensure the physical admissibility of the optimal solutions, that is, significant probability
for their occurrence under the natural flow of the dynamical system. We apply the method to a body-forced incompressible Navier-Stokes equation, known as the Kolmogorov flow. We find that the intermittent bursts of the
energy dissipation are independent of the external forcing and are instead caused by the spontaneous transfer of
energy from large scales to the mean flow via nonlinear triad interactions. The global maximizer of the corresponding variational problem identifies the responsible triad, hence providing a precursor for the occurrence
of extreme dissipation events. Specifically, monitoring the energy transfers within this triad allows us to develop
a data-driven short-term predictor for the intermittent bursts of energy dissipation. We assess the performance of
this predictor through direct numerical simulations.
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ð1BÞ

uð⋅; t0 Þ ¼ u0 ð⋅Þ

ð1CÞ

supðIðuðt0 þ tÞÞ  Iðuðt0 ÞÞÞ

u0 ∈X


where

uðtÞ satisfies ðEqs: 1A to 1CÞ
Cðu0 Þ ¼ c0

ð2AÞ

ð2BÞ

where the optimization variable is the initial condition u(t0) = u0 of
systems 1A to 1C. The set of critical states is required to satisfy the
constraints in Eq. 2B to enforce two important properties. The first
property ensures that u(t) obeys the governing Eqs. 1A to 1C as opposed
to being an arbitrary one-parameter family of functions. The second
property C(u0) = c0, where C : X → ℝk, is a codimension k constraint.
This constraint is enforced to ensure the nonzero probability of occurrence, that is, states that are sufficiently close to the chaotic background
attractor. The set of probabilistically feasible states can be generally described by exploiting basic physical properties of the chaotic attractor
such as average energy along different components of the state space
or the second-order statistics. The precise form of the constraint
C(u0) = c0 is problem-dependent and will shortly be discussed in more
detail. We point out that more general inequality constraints of the form
cmin ≤ C(u0) ≤ cmax may also be used. However, the treatment of these
inequality constraints is not discussed in this paper.
We expect the set of solutions to problems 2A and 2B to unravel the
mechanisms underpinning the intermittent bursts of the observable. AlFarazmand and Sapsis, Sci. Adv. 2017; 3 : e1701533
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Fig. 1. State space geometry of extreme events. (A) A depiction of intermittent
bursts of an observable. The highlighted regions mark an approximation of the
growth phase of the extreme events. (B) In the state space, extreme events are
viewed as fast excursions away from the background attractor (blue ball) owing
to small regions of stability.

though it is unlikely that a generic trajectory of the system passes exactly
through one of the maximizers, by continuity, any trajectory passing
through a sufficiently small open neighborhood of the maximizer
(that is, the instability regions of Fig. 1B) will result in a similar observable burst.
We emphasize that an optimization problem similar to Eqs. 2A and
2B has been pursued before in special contexts. The largest finite-time
Lyapunov exponent can be formulated as Eqs. 2A and 2B, where the
observable is the amplitude of infinitesimal perturbations after finite
time. The maximizer is the corresponding finite-time Lyapunov vector
(20, 21). In a similar context, Pringle and Kerswell (22) seek optimal
finite-amplitude perturbations that trigger transition to turbulence in
the pipe flow. They formulate the unknown optimal perturbation as
the solution of a constrained optimization problem similar to Eqs. 2A
and 2B, with the observable being the L2 norm of the fluid velocity field.
Ayala and Protas (23–25) consider the finite-time singularity formation
for Navier-Stokes equations. They also use a variational method to seek
the initial conditions that could lead to finite-time singularities. In these
studies, the emphasis is given to the analysis of the most “unstable”
states, but the physical properties of the attractor are not taken into
account.
The standard approach for solving the PDE-constrained optimization problem (Eqs. 2A and 2B) is an adjoint-based gradient iterative
method (26–28). This method is computationally very expensive because, at each iteration, the gradient direction needs to be evaluated
as the solution of an adjoint PDE. If the growth time scale t is small
compared to the typical time scales of the observable, then it is reasonable to replace the finite-time growth problem (Eqs. 2A and 2B) with its
instantaneous counterpart
d

jt¼t IðuðtÞÞ

ð3AÞ

uðtÞ satisfies ðEqs: 1A to 1CÞ
Cðu0 Þ ¼ c0

ð3BÞ

sup

u0 ∈X dt


where

0

Problems 3A and 3B seek initial states u0 for which the instantaneous growth of the observable I along the corresponding solution
u(t) is maximal.
We point out that the large instantaneous derivatives of I do not
necessarily imply a subsequent burst in the observable because the
growth may not always be sustained at later times along the trajectory
u(t). As a result, the set of solutions to this instantaneous problem may
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where u : W × ℝ+ → ℝd belongs to an appropriate function space X and
completely determines the state of the system. The initial condition
X ∋ u0 : W → ℝd is specified at the time t0, and W ⊂ℝd is an open
bounded domain. The differential operators N and K can be potentially nonlinear. A wide range of physical models can be written as a set
of partial differential equations (PDEs), as in Eqs. 1A to 1C. For instance, for incompressible fluid flows, Eq. 1A is the momentum equation
and Eq. 1B is the incompressibility condition where K(u) = ∇ · u. For
simplicity, we will denote a trajectory of Eqs. 1A to 1C by u(t).
Let I : X → ℝ denote an observable whose time series I(u(t)) along a
typical trajectory u(t) exhibits intermittent bursts (see Fig. 1A). Drawing
upon the near-integrable case, we view the system as consisting of a
background chaotic attractor, which has small regions of instability
(see Fig. 1B). Once a trajectory reaches an instability region, it is momentarily repelled away from the background attractor, resulting in a
burst in the time series of the observable. Our goal here is to probe the
instability region(s) by using a combination of observed data from
the system and the governing equations of the system. We also require the instability regions to have a nonzero probability of occurrence
under the natural flow of the dynamical system. This constraint is of
particular importance because it excludes “exotic” states with extreme
growth of I but with a negligible probability of being observed in practice [see the constraint C(u0) = c0 in Eq. 2B].
We formulate this task as a constrained optimization problem. Assume that there is a typical time scale t ∈ ℝ+ over which the bursts in the
observable I develop (see Fig. 1A). We seek initial conditions u0 whose
associated observable I(u(t)) attains a maximal growth within time t.
More precisely, we seek the solutions to the constrained optimization
problem

Extreme events

A
Observable

KðuÞ ¼ 0
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differ significantly from the finite-time problem (Eqs. 2A and 2B).
Nonetheless, the solutions to the instantaneous problem can still be
insightful. In addition, as we show below, these solutions can be obtained at a relatively low computational cost.
Optimal solutions
First, we derive an equivalent form of Problems 3A and 3B. Taking
the time derivative of the time series I(u(t)) yields (d/dt)I(u(t)) =
dI(u; ∂tu), where dI(u; v) := lime→0 [I(u + ev) − I(u)]/e denotes the
Gâteaux differential of I at u evaluated along v. Using Eq. 1A to substitute for ∂tu, we obtain the following optimization problem, which is
equivalent to problems 3A and 3B
ð4AÞ

sup JðuÞ
u∈X



KðuÞ ¼ 0
CðuÞ ¼ c0

ð4BÞ

∂t u ¼ u ⋅ ∇u  ∇p þ nDu þ f ; ∇⋅ u ¼ 0

where u : W × ℝ+ → ℝd is the fluid velocity field, p : W × ℝ+ → ℝ is
the pressure field, and n = Re−1 is the nondimensional viscosity,
which coincides with the reciprocal of the Reynolds number Re.
Here, we consider two-dimensional flows (d = 2) over the domain
W = [0, 2p] × [0, 2p] with periodic boundary conditions. The flow is
driven by the monochromatic Kolmogorov forcing f(x) = sin(kf y)e1,
where k f = (0, k f) is the forcing wave number and the vectors ei denote
the standard basis in ℝd. In the following, we assume that the velocity
fields are square integrable for all times, that is, X = L2 (W).
The kinetic energy E (per unit volume), the energy dissipation
rate D, and the energy input rate I are defined, respectively, by
EðuÞ ¼

1
n
2
juj2
∫
∫
W 2 dx; DðuÞ ¼
W j∇uj dx;
jWj
jWj

IðuÞ ¼

1
∫ u⋅f dx
jWj W

where
JðuÞ :¼ dIðu; N ðuÞÞ

ð5Þ

Note that the first constraint in Eq. 3B is simplified because we
have already used Eq. 1A, and it only remains to enforce Eq. 1B.
For notational simplicity, we omit the subscript from u0.
If J : X → ℝ is a continuous map and the subset S = {u ∈ X : K(u) =
0, C(u) = c0} is compact in X, problems 4A and 4B have at least one
solution. This follows from the fact that the image of a compact set
under a continuous transformation is compact. Therefore, J(S) ⊂ℝ is
compact, which implies that J(S) is bounded and closed (29). Therefore, J is bounded and attains its maximum (and minimum) on S.
The uniqueness of the maximizer is not generally guaranteed. However, the set of maximizers (and minimizers) of J is a compact subset
of S (30).
As we show in section S1, if X is a Hilbert space with the inner
product 〈⋅,⋅〉X and the operator K is linear, then every solution of
the optimization problem (Eqs. 4A and 4B) satisfies the set of EulerLagrange equations

J 0 ðuÞ þ K† ðaÞ þ

k

∑ bi Ci′ðuÞ ¼ 0
i¼1

ð6AÞ

KðuÞ ¼ 0

ð6BÞ

CðuÞ ¼ c0

ð6CÞ

Here, K† is the adjoint of K, and J′(u) and Ci′(u) are the unique
identifiers of the Gâteaux differentials dJ(u;⋅) and dCi(u;⋅), such that
dJ(u;v) = 〈J′(u), v〉X and dCi(u;v) = 〈Ci′(u),v〉X for all v. The existence and uniqueness of J′(u) and Ci′(u) are guaranteed by the Riesz
representation theorem (31). Here, Ci are the components of the map
C = (C1, C2, ⋯, Ck). The function a : W → ℝ and the vector b = (b1, ⋯,
bk) ∈ ℝk are unknown Lagrange multipliers to be determined together
with the optimal state u : W → ℝd.
Farazmand and Sapsis, Sci. Adv. 2017; 3 : e1701533
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ð7Þ

ð8Þ

where |W| denotes the area of the domain, that is, |W| = (2p)2. Along
any trajectory u(t), these three quantities satisfy E_ ¼ I  D. We use
the
energy dissipation rate D to define the eddy turnover time, te ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n=E½D, where E denotes the expected value.
The Kolmogorov flow admits the laminar solution u ¼
ðRe=k2f Þ sinðkf yÞe1 . For the forcing wave number kf = 1, the laminar
solution is the global attractor of the system at any Reynolds number
(32). If the forcing is applied at a higher wave number and the Reynolds number is sufficiently large, then the laminar solution becomes
unstable. In particular, numerical evidence suggests that, for kf = 4 and
sufficiently large Reynolds numbers, the Kolmogorov flow is chaotic
and exhibits intermittent bursts of energy dissipation (18, 33, 34). This
is manifested in Fig. 2A, showing the time series of the energy dissipation D at Reynolds number Re = 40 with kf = 4.
A closer inspection reveals that each burst of the energy dissipation
D is shortly preceded by a burst in the energy input I (see Fig. 2B).
Therefore, we expect the mechanism behind the bursts in the energy
input to be also responsible for the bursts in the energy dissipation.
As we show in section S2.1, the energy input is given by I(u) =
−|a(k f)| sin(f(kf )), where a(k) are the Fourier modes of the velocity field
u and f(k) are their corresponding phases such that a(k) = |a(k)| exp(if(k)).
We refer to the Fourier mode a(k f) as the mean flow. The energy input I
can grow through two mechanisms: (i) alignment between the phase of
the mean flow and the external forcing, that is, f(k f) → −p/2, and (ii)
growth of the mean flow energy |a(k f)|.
Examining the alignment between the forcing and the velocity field
rules out mechanism (i) (cf. fig. S1). The remaining mechanism (ii) is
possible through the nonlinear term in the Navier-Stokes equation. This
nonlinearity redistributes the system energy among various Fourier
modes a(k) through triad interactions of the modes whose wave
numbers (k, p, q) satisfy k = p + q (see section S2.2 for further details).
Because of the high number of active modes involved in the intricate
network of triad interactions, it is unclear which triad (or triads) is
(are) responsible for the nonlinear transfer of energy to the mean flow
during the extreme events. As we show below, our variational approach
3 of 7
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Application to Navier-Stokes equations
We consider the Navier-Stokes equations

SCIENCE ADVANCES | RESEARCH ARTICLE
A

0.4

Excluding the intermittent bursts, the energy dissipation of the
Kolmogorov flow exhibits small oscillations around its mean value
E[D] (see Fig. 2A). On the basis of this observation, we seek optimal solutions of Eqs. 4A and 4B, which are constrained to have the
energy dissipation D = E[D]. This results into the constraint (Eq. 9)
with A = ∇ and C(u) = c0 = E[D] × (Re/2). We approximate the
mean value E[D] from direct numerical simulations. At Re = 40, for
instance, we have E[D] ≃ 0.117.
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Probing the extreme energy transfers
The functional J (see Eq. 5) associated with the energy input I reads
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JðuÞ ¼
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identifies the modes involved in this transfer. However, before obtaining
the optimal solution, we need to specify the explicit form of the constraint C(u) = c0.
Constraints
The constraint C(u) = c0 is imposed to ensure that the optimal solutions
are physically admissible, that is, that they are sufficiently close to the
attractor and thus have a nonzero probability of occurrence. For instance, the solutions to a wide range of dissipative PDEs are known
to converge asymptotically to a finite-dimensional subset of the state
space (35). The maximizers of the functionals (Eq. 2A or Eq. 3A) that
are far from this asymptotic attractor are physically irrelevant because
they correspond to a transient phase that cannot be sustained.
In most applications, including the Kolmogorov flow, the system attractor is not explicitly known. Therefore, the physical relevance of the
optimal solutions needs to be ensured otherwise. Here, we consider constraints of the form
CðuÞ :¼

2
1
∫ jAðuÞj dx
jWj W 2

ð9Þ

where A is a linear operator. Several physically important quantities can
be written as function 9. For instance, if A is the identity operator, then
C coincides with the kinetic energy, C(u) = E(u). If A is the gradient
operator, A = ∇, then we have C(u) = D(u) × (Re/2), which can be used
to constrain the energy dissipation rate. A more general class of these
operators can be constructed as follows. Let u = ∑iaivi, where {vi} is a
principal component basis, that is, it diagonalizes the covariance
operator of u. Define A as the diagonal linear operator such that A(vi) =
vi/si, where s2i is the SD of ai. Then, the constraint takes the form
CðuÞ ¼ ð∑i a2i =s2i Þ=ð2jWjÞ. This corresponds to an ellipsoid, describing
points that have equal probability of occurrence when we approximate
the statistics of the background attractor by a Gaussian measure (36).
Note that the constraints of Eq. 9 are codimension one, C : X → ℝ,
and hence a special case of the codimension k constraint in Eq. 2B.
Farazmand and Sapsis, Sci. Adv. 2017; 3 : e1701533

22 September 2017

ð10Þ

The associated Euler-Lagrange equations (Eqs. 6A to 6C) read
ð∇f þ ∇f T Þu þ nDf  ∇a þ bA† Au ¼ 0

ð11AÞ

∇⋅ u ¼ 0

ð11BÞ

1
jAðuÞj2
∫
W
2 dx ¼ c0
jWj

ð11CÞ

where J′(u) = (∇f + ∇f T) u + nDf, K†(a) = −∇a, and C′(u) = A† Au
(see section S2.3 for the derivations). We set A = ∇ to enforce a constant energy dissipation constraint. This implies that A†Au = −Du.
Using the symmetries of Eqs. 11A to 11C, we find that it adpﬃﬃﬃﬃ
mits the pair of exact solutions u± ¼ ±ð2 c0 =kf Þ sinðkf yÞe1 , a± ¼
pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
± c0 ∫sinð2kf yÞdy, and b± ¼ ±ðnkf =2 c0 Þ. More complex solutions,
with unknown closed forms, may exist. We approximate these solutions using the Newton iterations described in section S3.
At each Re, we initiated several Newton iterations from random initial conditions. In addition to the pair of exact solutions (u±, a±, and b±),
the iterations yielded one nontrivial solution. Figure 3 shows the resulting three branches of solutions including the exact solution u+ (solid
black), the exact solution u− (dashed black), and the nontrivial solution
(red circles). For small Reynolds numbers, our Newton searches only
returned the exact solutions. At Re ≃ 3.1, a bifurcation takes place where
a new nontrivial solution is born. This solution appears to be a global
maximizer because no other solutions were found. Because the intermittent bursts are only observed for Re > 35, we focus the following
analysis on this range of Reynolds numbers.
The nontrivial optimal solution converges to an asymptotic limit as
the Re increases. This is discernible from the plateau of the red curve in
Fig. 3 and the select solutions shown in its outset. The three most dominant Fourier modes present in this asymptotic solution are the forcing
wave number (0, k f) and the wave numbers (1, 0) and (1, k f) together
with their complex conjugate pairs. Incidentally, these wave numbers
form a triad, (0, k f) + (1, 0) = (1, k f). The dominant mode of the optimal
solution corresponds to the wave number (1, 0) whose modulus |a(1, 0)|
is one order of magnitude larger than the other nonzero modes.
Next, we turn to the direct numerical simulations of the Kolmogorov
flow and monitor the three Fourier modes a(0, kf), a(1, 0), and a(1, k f).
We find that the energy transfers within this triad underpin the intermittent
4 of 7
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Fig. 2. Extreme energy dissipation in the Kolmogorov flow. (A) The time series of energy dissipation rate D at Reynolds number R = 40. (B) A close-up of the
energy input I (solid red curves) and the energy dissipation D (dashed black
curves) at Re = 40. The bursts in the energy dissipation are slightly preceded with
a burst in the energy input. A similar behavior is observed for all bursts and at
higher Reynolds numbers. (C) The vorticity field ∇ × u(x, t) = w(x, t)e3 at time t =
433 over the domain x ∈ [0, 2p] × [0, 2p].

1
∫ ½u ⋅ ðu ⋅ ∇f Þ þ nu ⋅ ðDf Þdx
jWj W
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observing the modulus |a(1, 0, t)|. More specifically, relatively small
values of l(t) := |a(1, 0, t)|, along a solution u(t), signal the high probability of an upcoming burst in the energy dissipation.
To quantify this, we consider the conditional probability
PðD1 ≤ Dm ðtÞ ≤ D2 j l1 ≤ lðtÞ ≤ l2 Þ

1.5
1.0
0.5
0

–1.0
–1.5

3

10

40

60

100

Fig. 3. The solutions of Eqs. 11A to 11C, with c0 = 1, as a function of the
Reynolds number. The solid (dashed) black line corresponds to the exact solution u– (u+). The red solid line (circles) corresponds to the global maximizer. The
outset shows the scalar vorticity ∇ × u(x, y) = w(x, y)e3 and the Fourier spectrum
|a(kx, ky)| of the global maximizer at select Reynolds numbers.

bursts of the mean flow energy |a(0, k f)| and, hence, the energy input
rate I. Figure 4A shows the time series of I = −Im[a(0, kf )] and the Fourier
mode |a(1, 0)| along a typical trajectory of the Kolmogorov flow at Re =
40. The bursts of the energy input rate I are nearly concurrent with extreme dips in the modulus |a(1, 0)|. A similar concurrent behavior was
observed for other trajectories and at higher Reynolds numbers (see section S6).
This observation reveals that, before a burst, the mode a(1, 0)
transfers a significant portion of its energy budget to the mean flow
a(0, k f ) through the triad interaction of the modes a(0, k f ), a(1, 0),
and a(1, k f). This leads to the increase in the energy of the mean
flow and, therefore, the energy input rate I, which in turn leads to
the growth of the energy dissipation rate D.
One can go one step further and inquire about the reason for the
release of energy from mode a(1, 0) to the mean flow a(0, kf ). The
answer to this question, involving the relative phases of the modes
and their interactions with other triads, is beyond the scope of the present work and will be addressed elsewhere. It is tempting to study these
interactions by truncating the Kolmogorov flow to the modes a(0, kf ),
a(1, 0), and a(1, kf ) and their complex conjugates. Unfortunately, these
severe truncations fail to illuminate because the dynamics of the truncated system severely departs from the original Navier-Stokes equations (37, 38).
Prediction of extreme events
Given the above observation that the optimal solution primarily consists
of mode (1, 0), we choose this mode to formulate our data-driven prediction scheme. The decrease in the energy of the mode (1, 0) precedes
the increase in the energy of the mean flow. This enables the data-driven
short-term prediction of extreme bursts of the energy dissipation by
Farazmand and Sapsis, Sci. Adv. 2017; 3 : e1701533
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where Dm ðtÞ ¼ maxt∈½tþti ;tþtf  DðuðtÞÞ is the maximum of the energy
dissipation over the future time interval [t + ti, t + tf]. This conditional
probability measures the likelihood of the future maximum value of
the energy dissipation belonging to the interval [D1, D2], given that the
present value of the indicator l(t) belongs to [l1, l2]. The constant
parameters tf > ti > 0 determine the future time interval [t + ti, t + tf ].
In the following, we set ti = 1 ≃ 2.2te and tf = 2 ≃ ti + 2.2te. The length
of the time window tf − ti is long enough to ensure that the extreme
event (if it exists) is contained in the time interval [t + ti, t + tf ]. The
choice of the prediction time ti will be discussed shortly. The reported
results are robust to small perturbations to all parameters.
Figure 5A shows the conditional probability density corresponding
to Eq. 12. We observe that relatively small values of l correlate strongly
with the high future values of the energy dissipation D. For instance,
when l < 0.4, the value of Dm is most likely larger than 0.2. Conversely,
when l is larger than 0.4, the future values of the future energy dissipation Dm are smaller than 0.2.
We seek an appropriate value l0 such that l(t) < l0 predicts an extreme burst of energy dissipation over the future time interval [t + ti, t + tf ].
Denote the extreme event threshold by De, such that D > De constitutes an
extreme burst of energy dissipation. We define the probability of an
upcoming extreme event Pee as
Pee ðl0 Þ ¼ PðDm ðtÞ > De jlðtÞ ¼ l0 Þ

ð13Þ

which measures the likelihood that Dm(t) > De assuming that l(t) = l0.
Here, we set the threshold of the extreme event De as the mean value of the
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
energy dissipation plus 2 SDs,De ¼ E½D þ 2 E½D2   E½D2 ≃ 0.194.
The extreme event probability Pee can be computed from the probability
density shown in Fig. 5A (see section S5 for details).
Figure 5B shows the probability of extreme events Pee as a function of
the parameter l0. If, at time t, the values of l(t) are larger than 0.5, the
probability of a future extreme event, that is, Dm(t) > De, is nearly zero.
The probability of a future extreme event increases as l(t) decreases. At
l(t) ≃ 0.4, the probability is 50%. If l(t) < 0.3, then the likelihood of an
upcoming extreme event is nearly 100%. The horizontal dashed line in
Fig. 5A marks the transition line from the low likelihood of an
upcoming extreme event Pee < 0.5 to the higher likelihood Pee > 0.5. This
line, together with the vertical line Dm = De, divides the conditional
probability density into four regions: (I) correct rejections [Pee < 0.5
and Dm(t) < De]: correct prediction of no upcoming extremes; (II) false
positives [Pee > 0.5 but De(t) < De]: the indicator predicts an upcoming
extreme event but no extreme event actually takes place; (III) hits [Pee >
0.5 and Dm(t) > De]: correct prediction of an upcoming extreme event;
and (IV) false negatives [Pee < 0.5 but Dm(t) > De]: An extreme event
takes place, but the indicator fails to predict it.
A reliable indicator of upcoming extreme events must maximize the
number of correct rejections (quadrant I) and hits (quadrant III) while,
at the same time, having minimal false positives (quadrant II) and false
negatives (quadrant IV). From nearly 100,000 predictions made, only
0.26% false negatives and 0.85% false positives were recorded. The number
5 of 7
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Fig. 4. Internal energy transfers lead to extreme events. (A) Time series of the energy input I and the modulus of the Fourier mode a(1, 0) at Re = 40. The eddy
turnover time at this Reynolds number is te = 0.46. (B) The joint probability density of the energy input I and the real and imaginary parts of the mode a(1, 0),
approximated from 100,000 samples. The density decreases from dark green to light blue. The cone-shaped density indicates the strong correlation between the large
values of the energy input rate I and small values of |a(1, 0)|. The axisymmetric nature of the probability density is a consequence of the translation invariance of the
Kolmogorov flow.
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Fig. 5. Prediction of extreme
events. (A) The probability density associated with the conditional probability (Eq. 12). The vertical dashed line marks the extreme event
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
threshold De ¼ E½D þ 2 E½D2   E½D2  ≃ 0.194. The horizontal dashed line marks l = 0.4. The quadrants correspond to the following: I, correct rejections; II, false
positives; III, hits; and IV, false negatives. (B) The probability of extreme events Pee corresponding to the extreme event threshold De = 0.194.

of hits was 5.6%, and the number of correct rejections amounts to 93.3%
of all predictions made. As we show in the Supplementary Materials,
this amounts to a 95.6% success rate for the prediction of the extreme
events (see eq. S24 and table S1). Note that the high percentage of correct rejections compared to the hits is a mere consequence of the fact
that the extreme events are rare.
An additional desirable property of an indicator is its ability to
predict the upcoming extremes well in advance of the events taking
place. The chosen prediction time ti = 1 is approximately twice the
eddy turnover time te. In comparison, it takes approximately one
eddy turnover time (on
average) for the energy dissipation rate
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
to grow from E½D þ E½D2   E½D2 to its extreme value De ¼
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E½D þ 2 E½D2   E½D2 .

The prediction time ti can always be increased at the cost of
increasing false positives and/or false negatives. For instance, with the
choice ti = 2 ≃ 4.3te and tf = 3 ≃ ti + 2.2te, prediction of the extreme
events Dm > De returns 1.2% false negatives and 0.6% false positives.
The number of hits decreases slightly to 5.3%, as does the number of
correct rejections (92.9%), which amounts to a success rate of 82% in
the extreme event prediction (see eq. S24). Therefore, the prediction
Farazmand and Sapsis, Sci. Adv. 2017; 3 : e1701533
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time ti = 2 still yields satisfactory predictions. Upon increasing ti further,
eventually, the number of hits becomes comparable to the number of
false negatives, at which point the predictions are unreliable.

DISCUSSION

A method for the computation of precursors of extreme events in
complex turbulent systems is introduced here. The new approach combines basic physical properties of the chaotic attractor (such as energy
distribution along different directions of phase space) obtained from
data with stability properties induced by the governing equations.
The method is formulated as a constrained optimization problem,
which can be solved explicitly if the time scale of the extreme events
is short compared to the typical time scales of the system. To demonstrate the approach, we consider a stringent test case, the Kolmogorov
flow, which has a turbulent attractor with positive Lyapunov exponents
and intermittent extreme bursts of energy dissipation. We can correctly
identify the triad of modes associated with the extreme events. Moreover, the derived precursors allow for the formulation of an accurate
short-term prediction scheme for the intermittent bursts. The results
demonstrate the robustness and applicability of the approach on
systems with high-dimensional chaotic attractors.
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The Navier-Stokes equations and the corresponding Euler-Lagrange
equations were solved numerically with a standard pseudospectral
code with N × N Fourier modes and 2/3 dealiasing. For Re = 60,
80, and 100, we used N = 256 to fully resolve the velocity fields. However, at Re = 40, this resolution was unnecessarily high, and hence, we
used N = 128. The temporal integration of the Navier-Stokes equations was carried out with a fourth-order Runge-Kutta scheme.
SUPPLEMENTARY MATERIALS

REFERENCES AND NOTES
1. J. D. Neelin, D. S. Battistic, A. C. Hirst, F.-F. Jin, Y. Wakata, T. Yamagata, S. E. Zebiak, ENSO
theory. J. Geophys. Res. 103, 14261–14290 (1998).
2. S. Thual, A. J. Majda, N. Chen, S. N. Stechmann, Simple stochastic model for El Niño with
westerly wind bursts. Proc. Natl. Acad. Sci. U.S.A. 113, 10245–10250 (2016).
3. K. Dysthe, H. E. Krogstad, P. Müller, Oceanic rogue waves. Annu. Rev. Fluid Mech. 40,
287–310 (2008).
4. M. Onorato, S. Residori, U. Bortolozzo, A. Montina, F. T. Arecchi, Rogue waves and their
generating mechanisms in different physical contexts. Phys. Rep. 528, 47–89 (2013).
5. G. Dematteis, T. Grafke, E. Vanden-Eijnden, Rogue waves and large deviations in deep
sea. arXiv:1704.01496 (2017).
6. D. A. Donzis, K. R. Sreenivasan, Short-term forecasts and scaling of intense events in
turbulence. J. Fluid Mech. 647, 13–26 (2010).
7. P. K. Yeung, X. M. Zhai, K. R. Sreenivasan, Extreme events in computational turbulence.
Proc. Natl. Acad. Sci. U.S.A. 112, 12633–12638 (2015).
8. D. Qi, A. J. Majda, Predicting fat-tailed intermittent probability distributions in passive
scalar turbulence with imperfect models through empirical information theory.
Commun. Math. Sci. 14, 1687–1722 (2016).
9. H. Touchette, The large deviation approach to statistical mechanics. Phys. Rep. 478, 1–69 (2009).
10. C. K. R. T. Jones, Geometric singular perturbation theory, in Dynamical Systems, L. Arnold,
C. K. R. T. Jones, K. Mischaikow, G. Raugel, Eds. (Springer, 1995), pp. 44–118.
11. G. Haller, Chaos Near Resonance (Springer, 1999), vol. 138.
12. T. P. Sapsis, Attractor local dimensionality, nonlinear energy transfers and finite-time
instabilities in unstable dynamical systems with applications to two-dimensional fluid
flows. Proc. R. Soc. A 469, 20120550 (2013).
13. A. J. Majda, Statistical energy conservation principle for inhomogeneous turbulent
dynamical systems. Proc. Natl. Acad. Sci. U.S.A. 112, 8937–8941 (2015).
14. W. Cousins, T. P. Sapsis, Quantification and prediction of extreme events in a
one-dimensional nonlinear dispersive wave model. Physica D 280–281, 48–58 (2014).
15. W. Cousins, T. P. Sapsis, Reduced-order precursors of rare events in unidirectional
nonlinear water waves. J. Fluid Mech. 790, 368–388 (2016).
16. S. L. Brunton, B. W. Brunton, J. L. Proctor, E. Kaiser, J. N. Kutz, Chaos as an intermittently
forced linear system. Nat. Commun. 8, 19 (2017).
17. M. Farazmand, T. P. Sapsis, Reduced-order prediction of rogue waves in two-dimensional
deep-water waves. J. Comput. Phys. 340, 418–434 (2017).
18. M. Farazmand, An adjoint-based approach for finding invariant solutions of Navier-Stokes
equations. J. Fluid Mech. 795, 278–312 (2016).

Farazmand and Sapsis, Sci. Adv. 2017; 3 : e1701533

22 September 2017

Acknowledgments
Funding: This work was supported by Office of Naval Research grant N00014-15-1-2381,
Air Force Office of Scientific Research grant FA9550-16- 1-0231, and Army Research Office
grant 66710-EG-YIP. Author contributions: M.F. and T.P.S. designed and performed the
research and wrote the paper. Competing interests: The authors declare that they have
no competing interests. Data and materials availability: All data needed to evaluate the
conclusions in the paper are present in the paper and/or the Supplementary Materials.
Additional data related to this paper may be requested from the authors. M.F. and T.P.S. claim
responsibility for all figures. Certain codes and data used in this manuscript are publicly
available on GitHub (https://github.com/mfarazmand/VariExtEvent).
Submitted 9 May 2017
Accepted 29 August 2017
Published 22 September 2017
10.1126/sciadv.1701533
Citation: M. Farazmand, T. P. Sapsis, A variational approach to probing extreme events in
turbulent dynamical systems. Sci. Adv. 3, e1701533 (2017).

7 of 7

Downloaded from http://advances.sciencemag.org/ on February 15, 2019

Supplementary material for this article is available at http://advances.sciencemag.org/cgi/
content/full/3/9/e1701533/DC1
section S1. Derivation of the Euler-Lagrange equation
section S2. The Navier-Stokes equation
section S3. Newton iterations
section S4. Sensitivity to parameters
section S5. Computing the probability of extreme events
section S6. Supporting computational results
fig. S1. Evolution of the energy input versus mean flow.
fig. S2. Triad interactions.
fig. S3. Sensitivity of the optimal solutions.
fig. S4. Joint PDFs for higher Reynolds numbers.
fig. S5. Prediction of intermittent bursts at higher Reynolds numbers.
table S1. Simulation parameters.
movie S1. The prediction of an extreme event in the Kolmogorov flow.
References (39–42)

19. M. Farazmand, T. P. Sapsis, Dynamical indicators for the prediction of bursting
phenomena in high-dimensional systems. Phys. Rev. E 94, 032212 (2016).
20. B. F. Farrell, P. J. Ioannou, Generalized stability theory. Part I: Autonomous operators.
J. Atmos. Sci. 53, 2025–2040 (1996).
21. B. F. Farrell, P. J. Ioannou, Generalized stability theory. Part II: Nonautonomous operators.
J. Atmos. Sci. 53, 2041–2053 (1996).
22. C. C. T. Pringle, R. R. Kerswell, Using nonlinear transient growth to construct the minimal
seed for shear flow turbulence. Phys. Rev. Lett. 105, 154502 (2010).
23. D. Ayala, B. Protas, On maximum enstrophy growth in a hydrodynamic system. Physica D
240, 1553–1563 (2011).
24. D. Ayala, B. Protas, Maximum palinstrophy growth in 2D incompressible flows.
J. Fluid Mech. 742, 340–367 (2014).
25. D. Ayala, B. Protas, Extreme vortex states and the growth of enstrophy in threedimensional incompressible flows. J. Fluid Mech. 818, 772–806 (2017).
26. M. D. Gunzburger, Perspectives in Flow Control and Optimization (SIAM, 2003), vol. 5.
27. B. Protas, T. R. Bewley, G. Hagen, A computational framework for the regularization of
adjoint analysis in multiscale PDE systems. J. Comp. Phys. 195, 49–89 (2004).
28. M. M. Farazmand, N. K.-R. Kevlahan, B. Protas, Controlling the dual cascade of twodimensional turbulence. J. Fluid Mech. 668, 202–222 (2011).
29. C. D. Aliprantis, O. Burkinshaw, Principles of Real Analysis (Gulf Professional Publishing, ed. 3,
1998).
30. C. D. Aliprantis, K. C. Border, Infinite Dimensional Analysis: A Hitchhiker’s Guide (Springer
Science & Business Media, ed. 3, 2006).
31. J. B. Conway, A course in functional analysis, in Graduate Texts in Mathematics, S. Axler,
K. Ribet, Eds. (Springer, 1985), vol. 96.
32. C. Marchioro, An example of absence of turbulence for any Reynolds number.
Commun. Math. Phys. 105, 99–106 (1986).
33. N. Platt, L. Sirovich, N. Fitzmaurice, An investigation of chaotic Kolmogorov flows.
Phys. Fluids A 3, 681–696 (1991).
34. G. J. Chandler, R. R. Kerswell, Invariant recurrent solutions embedded in a turbulent
two-dimensional Kolmogorov flow. J. Fluid Mech. 722, 554–595 (2013).
35. P. Constantin, C. Foias, B. Nicolaenko, R. Temam, Integral manifolds and inertial manifolds
for dissipative partial differential equations, in Applied Mathematical Sciences, J. Bell,
P. Constantin, R. Durrett, R. Kohn, R. Pego, L. Ryzhik, A. Singer, A. Stevens, A. Stuart,
Eds. (Springer-Verlag, 1989), vol. 70.
36. J. L. Lumley, The structure of inhomogeneous turbulent flows, in Atmospheric Turbulence
and Radio Wave Propagation, A. M. Yaglom, V. I. Tatarski, Eds. (Nauka, 1967), pp. 166–178.
37. H. K. Moffatt, Note on the triad interactions of homogeneous turbulence. J. Fluid Mech.
741, R3 (2014).
38. M. Buzzicotti, L. Biferale, U. Frisch, S. S. Ray, Intermittency in fractal Fourier
hydrodynamics: Lessons from the Burgers equation. Phys. Rev. E 93, 033109 (2016).
39. R. H. Kraichnan, Inertial ranges in two-dimensional turbulence. Phys. Fluids 10, 1417–1423
(1967).
40. Y. Saad, M. H. Schultz, GMRES: A generalized minimal residual algorithm for solving
nonsymmetric linear systems. SIAM J. Sci. Stat. Comput. 7, 856–869 (1986).
41. S. P. Boyd, L. Vandenberghe, Convex Optimization (Cambridge Univ. Press, 2004).
42. D. G. Fox, S. A. Orszag, Pseudospectral approximation to two-dimensional turbulence.
J. Comput. Phys. 11, 612–619 (1973).

A variational approach to probing extreme events in turbulent dynamical systems
Mohammad Farazmand and Themistoklis P. Sapsis

Sci Adv 3 (9), e1701533.
DOI: 10.1126/sciadv.1701533

http://advances.sciencemag.org/content/3/9/e1701533

SUPPLEMENTARY
MATERIALS

http://advances.sciencemag.org/content/suppl/2017/09/18/3.9.e1701533.DC1

REFERENCES

This article cites 31 articles, 3 of which you can access for free
http://advances.sciencemag.org/content/3/9/e1701533#BIBL

PERMISSIONS

http://www.sciencemag.org/help/reprints-and-permissions

Use of this article is subject to the Terms of Service
Science Advances (ISSN 2375-2548) is published by the American Association for the Advancement of Science, 1200 New
York Avenue NW, Washington, DC 20005. 2017 © The Authors, some rights reserved; exclusive licensee American
Association for the Advancement of Science. No claim to original U.S. Government Works. The title Science Advances is a
registered trademark of AAAS.

Downloaded from http://advances.sciencemag.org/ on February 15, 2019

ARTICLE TOOLS

